Theorem 1.2 Let (M, ω KE ) be a Kähler-Einstein manifold with c 1 (M ) > 0 or c 1 (M ) = 0. Then for all Kähler metrics ω ′ in the class [ω KE ],
Introduction
The problem of finding necessary and sufficient conditions for the existence of extremal metrics, which include Kähler-Einstein metrics, on a compact Kähler manifold M has been the subject of intense study over the last few decades and is still largely open. If M has zero or negative first Chern class then it is known by the work of Yau [Ya1] and Yau, Aubin [Ya1] , [Au] that M has a Kähler-Einstein metric. When c 1 (M ) > 0, so that M is Fano, there is a well-known conjecture of Yau [Ya2] that the manifold admits a Kähler-Einstein metric if and only if it is stable in the sense of geometric invariant theory.
There are now several different notions of stability for manifolds [Ti2] , [PhSt1] , [Do2] , [RoTh] . Donaldson showed that the existence of a constant scalar curvature metric is sufficient for the manifold to be asymptotically Chow stable [Do1] (under an assumption on the automorphism group). It is conjectured by Tian [Ti2] that the existence of a Kähler-Einstein metric should be equivalent to his 'K-stability'. This stability is defined in terms of the Futaki invariant [Fu] , [DiTi] of the central fiber of degenerations of the manifold. Donaldson [Do2] introduced a variant of K-stability extending Tian's definition.
The behavior of Mabuchi's [Ma] energy functional is central to this problem. It was shown by Bando and Mabuchi [BaMa] , [Ba] that if a Fano manifold admits a Kähler-Einstein metric then the Mabuchi energy is bounded below. Recently, it has been shown by Chen and Tian [ChTi3] that if M admits an extremal metric in a given class then the Mabuchi energy is bounded below in that class. Donaldson has given an alternative proof for constant scalar curvature metrics with a condition on the space of automorphisms [Do3] . Moreover, if a lower bound on the Mabuchi energy is given then the class is K-semistable [Ti2] , [PaTi] . Conversely, Donaldson [Do2] showed that, for toric surfaces, K-stability implies the lower boundedness of the Mabuchi energy.
In addition, the existence of a Kähler-Einstein metric on a Fano manifold has been shown to be equivalent to the 'properness' of the Mabuchi energy [Ti2] . Tian conjectured [Ti3] that the existence of a constant scalar curvature Kähler metric be equivalent to this condition on the Mabuchi energy. This holds when the first Chern class is a multiple of the Kähler class. (If c 1 (M ) < 0, it has been shown [Ch1] , [We] , [SoWe] that the Mabuchi energy is proper on certain classes which are not multiples of the canonical class. It is not yet known whether there exists a constant scalar curvature metric in such classes.)
In this paper, we discuss a family of functionals E k , for k = 0, . . . , n, which were introduced by Chen and Tian [ChTi1] . They are generalizations of the Mabuchi energy, with E 0 being precisely Mabuchi's functional. The functionals E k can be described in terms of the Deligne pairing [De] . This construction of Deligne has provided a very useful way to understand questions of stability [Zh] , [PhSt1] , [PhSt2] . Phong and Sturm [PhSt3] show that, up to a normalization term, the Mabuchi energy corresponds to the Deligne pairing L, . . . , L, K −1 . Generalizing this, the functionals E k can be described in terms of the pairing:
The fact that the functionals E k can be formulated in this way seems now to be known by some experts in the field, and was pointed out to us by Jacob Sturm in 2002. However, since it does not appear in the literature, we have included a short explanation of this correspondence (see section 2).
A critical metric ω of E k is a solution of the equation
where σ k (ω) is the kth elementary symmetric polynomial in the eigenvalues of the Ricci tensor of the metric ω. Notice that the critical metrics for E 0 are precisely the constant scalar curvature metrics. Kähler-Einstein metrics are solutions to the above equation for all k. The critical metrics are discussed more in section 2.
The functionals E k were used by Chen and Tian [ChTi1, ChTi2] to obtain convergence of the normalized Kähler-Ricci flow on Kähler-Einstein manifolds with positive bisectional curvature (see [PhSt4] for a related result). The Mabuchi energy is decreasing along the flow. The functional E 1 is also decreasing, as long as the sum of the Ricci curvature and the metric is nonnegative. A major part of the argument in [ChTi1] is to show that the E k can be bounded from below along the Kähler-Ricci flow assuming nonnegative Ricci curvature and the existence of a Kähler-Einstein metric.
In a recent preprint, Chen [Ch2] has proved a stability result for E 1 for Fano manifolds in the sense of the Kähler-Ricci flow. In the same paper, Chen asked whether E 1 is bounded below or proper on the full space of potentials (not just along the flow) if there exists a Kähler-Einstein metric. In this paper we answer Chen's question: E 1 is bounded below if there exists a Kähler-Einstein metric, and the lower bound is attained by this metric. Moreover, modulo holomorphic vector fields, E 1 is proper if and only if there exists a Kähler-Einstein metric. We also show that, again assuming the existence of a Kähler-Einstein metric, the functionals E k are bounded below on the space of metrics with nonnegative Ricci curvature.
We now state these results more precisely. Let ω be a Kähler form on the compact manifold M of complex dimension n. Write P (M, ω) for the space of all smooth functions φ on M such that
For φ in P (M, ω), let φ t be a path in P (M, ω) with φ 0 = 0 and φ 1 = φ. The functional E k,ω for k = 0, . . . , n is defined by
where V is the volume M ω n , and µ k is the constant, depending only on the classes [ω] and c 1 (M ) given by
The functional is independent of the choice of path. We will often write
In fact, Chen and Tian [ChTi1] first define E k by a different (and explicit) formula, making use of a generalization of the Liouville energy, which they call E 0 k . The Deligne pairing provides another explicit formula (Proposition 2.1).
Suppose now that M has positive first Chern class and denote by K the space of Kähler metrics in 2πc 1 (M ). Notice that for ω in K, the corresponding constant µ k is equal to 1. We have the following theorem on the lower boundedness of the functionals E k .
Theorem 1.1 Let (M, ω KE ) be a Kähler-Einstein manifold with c 1 (M ) > 0. Then, for k = 0, . . . , n, and for allω ∈ K with Ric(ω) ≥ 0,
and equality is attained if and only ifω is a Kähler-Einstein metric.
In the case of E 1 we obtain lower boundedness on the whole space K. In addition, it is an easy result that for a Calabi-Yau manifold, E 1 is bounded below on every class admitting a Ricci-flat metric (and hence, by Yau's theorem, on every class). Putting these two cases together we obtain:
Then there exists δ depending only on n such that the following hold:
(i) If M admits no nontrivial holomorphic vector fields then there exist positive constants C and C ′ depending only on ω KE such that for all θ in P (M, ω KE ),
(ii) In general, let Λ 1 be the space of eigenfunctions of the Laplacian for ω KE with eigenvalue 1. Then for all θ in P (M, ω KE ) satisfying M θ ψ ω n KE = 0, for all ψ ∈ Λ 1 , there exist constants C and C ′ depending only on ω KE such that
Remark 1.1 The analagous result above is proved in [Ti2] , [TiZh] for the F functional [Di] , giving a generalized Moser-Trudinger inequality. We use a similar argument. The corresponding inequality for the Mabuchi energy also holds [Ti3] since, up to a constant, it can be bounded below by F . It would be interesting to find the best constant δ = δ(n) for which these inequalities hold. With some work, modifying the argument in [Ti2] , one can show that δ can be taken to be arbitrarily close to 1/(4n + 1), but we doubt that this is optimal.
Remark 1.2 We expect that the above results on the E 1 functional have applications to the study of the stability of M . Indeed, let π 1 : X → Z be an SL(N + 1, C)equivariant holomorphic fibration between smooth varieties such that X ⊂ Z × CP N is a family of subvarieties of dimension n with an action of SL(N + 1, C) on CP N . Tian defines CM-stability [Ti2] for X z = π −1 1 (z) in terms of the virtual bundle:
where K = K X ⊗ K −1 Z is the relative canonical bundle and L is the pullback of the hyperplane bundle on CP N via the second projection π 2 (alternatively, one can use the language of the Deligne pairing). When X z is Fano, Tian proved that X z is weakly CM-stable if it is Kähler-Einstein, using the properness of the Mabuchi energy E 0 . One can define a similar notion of stability for X z with respect to the virtual bundle
For k = 1, we would expect X z to be stable if it is Kähler-Einstein, since E 1 is proper. It would be interesting to try to relate this notion of stability to an analogue of Kstability expressed in terms of the holomorphic invariants F k [ChTi1] which generalize the Futaki invariant.
We also have a converse to Theorem 1.3.
. Then the following hold:
(i) Suppose that (M, ω) admits no nontrivial holomorphic vector fields. Then M admits a Kähler-Einstein metric if and only if E 1 is proper on P (M, ω).
This gives a new analytic condition for a Fano manifold to admit a Kähler-Einstein metric. Indeed, together with the result of Tian [Ti2] , at least modulo holomorphic vector fields, we have:
Mabuchi energy is proper metric and one would expect some versions of stability to be equivalent to these as well.
Remark 1.3 It is natural to ask whether there exist critical metrics for E k which are not Kähler-Einstein. Chen and Tian [ChTi1] observe that for k = n the only critical metrics with positive Ricci curvature are Kähler-Einstein. We see from Theorem 1.2 that on a Kähler-Einstein manifold with c 1 (M ) > 0, a critical metric for E 1 which is not Kähler-Einstein could not give an absolute minimum of E 1 .
In section 2, we describe some of the properties of the E k functionals and the Aubin-Yau functionals I and J. In sections 3 and 4 we prove Theorems 1.1 and 1.2 respectively. Our general method follows that of Bando and Mabuchi [BaMa] and Bando [Ba] . They consider the Monge-Ampère equations (3.1) and (4.1) respectively. The Mabuchi energy is decreasing in t for both of these equations, and one can solve them backwards to show that the Mabuchi energy is bounded below on the space of metrics with positive Ricci curvature [BaMa] , and on all metrics in the given class [Ba] . The functionals E k may not be decreasing in t. However, we are able to show, with some extra calculation, that the value at t = 0 is greater than the value at t = 1. This works for all the E k for the first equation, but only seems to work for E 1 for the second.
Finally, in section 5 we adapt the results of Tian [Ti2] and Tian-Zhu [TiZh] , making use of our formulas from sections 3 and 4, to prove Theorem 1.3 and Theorem 1.4.
Properties of the E k and I, J functionals

Basic properties of E k
It is immediate from the formula (1.1) that the functionals E k satisfy the cocycle condition
for any metrics ω 1 , ω 2 and ω 3 in the same Kähler class. We will make use of this relation in sections 3 and 4. Observe also that E k,ω is invariant under addition of constants:
for all φ in P (M, ω) and any constant c.
Critical metrics
The E k functionals can be written as
where σ k (ω) is given by
If at a point p on M we pick a normal coordinate system in which the Ricci tensor is diagonal with entries λ 1 , . . . , λ n then σ k (ω) at p is the k-th elementary symmetric polynomial in the λ i ,
For example, σ 0 = 1, σ 1 = R and σ 2 = 1 2 (R 2 − |Ric| 2 ). The critical points of E k are metrics ω satisfying
The critical points for k = 0 are of course constant scalar curvature metrics. For k = 1, the critical equation can be written
Note that we always mean the Laplacian given by
For any k, Kähler-Einstein metrics are solutions to (2.1), but in general we do not know if they are the only solutions. It would be interesting to undertake a more detailed study of these canonical metrics.
Deligne Pairing
We will now describe the functionals E k in terms of the Deligne pairing. Let π : X → S be a flat projective morphism of integral schemes of relative dimension n. For each s, X s = π −1 (s) is a projective variety of dimension n. Let L 0 , . . . , L n be Hermitian line bundles on X . We denote the corresponding Deligne pairing -a Hermitian line bundle on S -by L 0 , . . . , L n (X /S).
For its definition, we refer the reader to the references [De] , [Zh] and [PhSt3] . For a smooth function φ on X (or S) denote by O(φ) the trivial line bundle on X (or S) with metric e −φ . The only property of the Deligne pairing we will use is the change of metric formula:
where E is the function on S given by
In our case, X will be the variety M and S will be a single point. In the following we will omit any reference to X or S. We fix a metric ω ∈ 2πc 1 (L) for some line bundle Let K -1 be the anticanonical bundle K −1 equipped with the metric ω n , and let K -1 be the same bundle with the metric ω n φ . In other words,
).
Then we have the following formula for the E k functional.
Proof Define a functional a k,ω by
(2.2)
From the change in metric formula we see that
Integrating by parts, we have
Rearranging this expression gives
We recognize this (after dividing by −V ) as the first two terms of the derivative of E k,ω . We are left with the term involving the constant µ k . As in [Zh] , define a functional b ω by L , . . . ,L = L, . . . ,
(2.4)
From the change in metric formula, we see that b ω is the well-known functional:
Its derivative along a path in P (M, ω) is given by
(2.5)
Comparing with (1.1), we see from (2.3) and (2.5) that
The proposition then follows from this along with the defining equations (2.2) and (2.4). Q.E.D.
The I and J functionals
The Aubin-Yau energy functionals I and J are defined as follows. For φ ∈ P (M, ω), set
Their difference is given by
Observe that I, J and I −J are all nonnegative and equivalent. A well-known calculation shows that for any family of functions φ = φ t ∈ P (M, ω),
We now define the notion of properness for a functional. Following Tian [Ti3] , we say that a functional T on a P (M, ω) is proper if there there exists an increasing function f : [0, ∞) → R, satisfying f (x) → ∞ as x → ∞, such that for any φ ∈ P (M, ω),
The condition of properness is independent of the choice of metric in the class.
The lower boundedness of the E k functionals
In the following, we will denote by K + the set of metrics ω in K with strictly positive Ricci curvature. We will write E for the space of metrics ω ∈ K with Ric(ω) = ω. We will show that the functionals E k are bounded below on K + . One can then easily extend to metrics with nonnegative Ricci curvature by a peturbation argument, using (4.1) for small t. We need the following result from [BaMa] (see also [Si] for a good exposition of their work):
Lemma 3.1 Letω ∈ K + and set ω 0 = Ric(ω). If E is non-empty, there exists a Kähler-Einstein metric ω ′ KE ∈ E and, for δ > 0 sufficiently small, a family of metrics ω ǫ 0 ∈ K + for ǫ ∈ (0, δ) such that:
(ii) Let f ǫ be the unique smooth function on M satisfying
Then for each ǫ ∈ (0, δ), there exists a smooth solution ψ ǫ t (for 0 ≤ t ≤ 1) of the equation
In order to make use of this for the proof of Theorem 1.1, we need the following lemma:
Lemma 3.2 Let ω be a metric in K, and let φ t be a solution of
where f is given by
Before proving this lemma, we will complete the first part of the proof of Theorem 1.1. From the above lemmas, givenω ∈ K + , we have that
By the cocycle condition, we have
Letting ǫ → 0, we obtain from the continuity of E k ,
We need a lemma to show that the right hand side of this equation is zero. Proof Chen and Tian [ChTi1] define an invariant of a Fano manifold M which generalizes the Futaki invariant. For each holomorphic vector field X, they define for any ω ∈ K,
where h X is a function (unique up to constants) satisfying
They prove that F k (X) does not depend on the choice of ω in K, and that if E is nonempty, the invariant vanishes. Moreover, they show that if X is a holomorphic vector field and {Φ(t)} the one-parameter subgroup of automorphisms induced by Re(X), then for any ω,
Given this, the lemma is an immediate consequence of the theorem of Bando and Mabuchi [BaMa] that the space E is a single orbit of the action of the group of holomorphic automorphisms of M . Q.E.D.
We will now prove Lemma 3.2.
Proof of Lemma 3.2
Let φ t be a solution of (3.1). Differentiating (3.1) with respect to t, we have
Applying the operator − √ −1∂∂ log to (3.1) we obtain
which, from the definition of f , can be written
We will need to make use of the following fact which is well known: for φ t a solution of (3.1), the first eigenvalue λ 1 of △ φt satisfies λ 1 ≥ t if 0 ≤ t ≤ 1 (and the inequality is strict if t < 1.) An immediate consequence of this and (3.2) is the following inequality:
which by (2.6) is equivalent to the fact that (I ω − J ω )(φ t ) is increasing in t.
We will find a formula for the expression (E k,ω (φ 1 ) − E k,ω (φ 0 )) by calculating
Lemma 3.2 and the first part of Theorem 1.1 will follow from (3.4) and the next lemma, which is the key result of this section. In the statement and proof of the lemma, we will simplify the notation by omitting the subscript t.
Lemma 3.4 Let φ = φ t be a solution of (3.1). Then
Proof Using (3.2) and (3.3), calculate
Now,
where
Using the relation (3.6) in (3.5), we obtain
using the fact that
Now observe that
where we are using the identity
Combining (3.7), (3.9) and (3.10) completes the proof of lemma. Q.E.D.
This proves the first part of Theorem 1.1. We also have to show that if E k (ω KE ,ω) = 0 for someω with Ric(ω) ≥ 0 thenω is Kähler-Einstein. We may assume that k ≥ 1. Let us also assume that Ric(ω) > 0 and we will leave the semi-definite case to the reader. Using the notation above we see that
But by Lemma 3.4 we see that if ω ′ KE =ω ǫ + √ −1∂∂φ ǫ then φ ǫ must tend to a constant as ǫ tends to zero. Henceω = ω ′ KE . Q.E.D.
The lower bound of E 1
In this section we give a proof of Theorem 1.2. Let us first deal with the easy case when c 1 (M ) = 0. From the formula obtained in section 2, we see that
Using the definition of Ric(ω φ ) and integration by parts, we obtain:
as required.
We turn now to the case when c 1 (M ) > 0. Consider the equation ω n ψt = e tf +ct ω n , (4.1)
where f satisfies
and c t is the constant chosen so that M e tf +ct ω n = V.
By the theorem of Yau [Ya1] , we know that there is a unique ψ t with M ψ t ω n = 0 solving (4.1) for t in [0, 1]. Notice that ψ 0 = 0. Differentiating the equation we obtain
and
The following lemma is the key result of this section.
Lemma 4.1 Let ψ = ψ t be a solution of (4.1). Then
In particular, E 1,ω (ψ 1 ) ≤ 0.
Given this lemma, we will prove Theorem 1.2. Let ω ′ ∈ K be given. Then by Yau's theorem there existsω ∈ K + such that Ric(ω) = ω ′ . By the cocycle condition and Theorem 1.1,
We apply Lemma 4.1 with ω = ω ′ . Then we see that ω ψ 1 =ω, and
thus completing the first part of the proof of Theorem 1.2. The second part, that equality implies Kähler-Einstein, will follow by a similar argument to that given in section 3. It remains to prove Lemma 4.1.
Proof of Lemma 4.1
Calculate using (4.2) and (4.3):
Now calculatê
Making use of the relation (4.5) in (4.4), we see that
where we have used (3.8) again. Noŵ
(4.7)
Using (2.6) we have
Let us put this all together. By the same calculation as in (3.10), we have
Combining this with equations (4.6), (4.7) and (4.8),
Combining the first and third terms completes the first part of the lemma. Finally, to show that E 1 (ψ 1 ) ≤ 0, just observe that, by integration by parts, the last term is nonpositive for k = 1. Notice that this is the only step that fails for k > 1. This completes the proof of the lemma. Q.E.D.
Properness of E 1
In this section we will prove Theorem 1.3 and Theorem 1.4. In fact we will assume that M has no nontrivial holomorphic vector fields, which will prove only the first part of these theorems. The proof of the second part in each case is identical except for an additional difficulty in applying the implicit function theorem in the method of continuity at t = 1. For this step, we refer the reader to [BaMa] and [Ti2] .
Proof of Theorem 1.3
We will now prove part (i) of Theorem 1.3. Let θ be in P (M, ω KE ) and set
We consider the family of Monge-Ampère equations (3.1), corresponding to this particular choice of ω. That is: ω n φt = e −tφt+f ω n , where f is given by
Since there are no holomorphic vector fields, we can obtain a solution φ t for 0 ≤ t ≤ 1 [BaMa] . Moreover, φ 1 = −θ + constant. We have the following lemma.
Lemma 5.1
Proof We will work in more generality and derive a formula for E k,ω KE (θ). Using the cocycle condition for E k and Lemma 3.4 we have
Now observe that, using (2.6), we have
Now, as in section 4, let ψ t be a solution of (4.1), for ω as above:
with c t the appropriate constant. Then observe that
Then making use of the calculation (4.9) from section 4, we have
Combining (5.1) and (5.2) we obtain
We see that for k = 1, the last two terms are nonnegative, and this proves the lemma. Q.E.D. Now observe that we can now apply the argument of Tian [Ti2] . Recall that Tian proves the properness of a functional F ω using the formula:
F ω (θ) = 1 0 (I ω − J ω )(φ t )dt, with φ t as above. The inequality of Lemma 5.1 is even stronger than this. We can directly apply Tian's argument to obtain the following:
Theorem 5.1 There exists δ = δ(n) such that for every constant K > 0 there exist positive constants C 1 and C 2 depending on K such that for all θ in P (M, ω KE ) satifsying osc M (θ) ≤ K(1 + J ω KE (θ)), (5.3)
Here, the oscillation osc M is defined by
We will now apply the argument of Tian and Zhu [TiZh] to show that E 1,ω KE is proper on the full space of potentials. The argument for E 1 differs in only one step, but we will outline the whole argument here.
We need some lemmas.
Lemma 5.2 For φ t as above, there exists a constant C 3 depending only on ω KE such that for t ≥ 1 2 , osc M (φ t − φ 1 ) ≤ C 3 (1 + J ω KE (φ t − φ 1 )).
Proof
We omit the proof, since it can be found in [TiZh] . Q.E.D.
We need the following lemma, which we state in more generality than is actually needed here.
Lemma 5.3 Let φ t be a solution of ω n φt = e −tφt+f ω n .
Then for 0 ≤ t 1 ≤ t 2 ≤ 1, we have
Let us deal with the first term. Recall that
Then, regarding φ s − φ 1 as a path of potentials for ω KE ,
Let us turn now to the second term of (5.5). Integrating by parts in s we see that
(ω φ 1 ) i ∧ (ω φt ) n−1−i ≥ −2n osc(φ t − φ 1 ).
(5.7)
Inserting (5.6) and (5.7) in (5.5), we have (I ω − J ω )(φ t ) ≥ (I ω − J ω )(φ 1 ) − 2n osc(φ t − φ 1 ), and the lemma follows from (5.4). Q.E.D.
We can now complete the proof of Theorem 1.3. We have for t ≥ 1 2 ,
for C 8 >> max{C 6 , C 7 } completes the proof. Q.E.D.
